
If you have any question , feel free he come he my office (N7.205) or to send me an email (emilie. desportin eulb. be)

Problem set 1 : Quasi circular inspirals

I . INTRODUCTION & MOTIVATIONS

Why is it of interest ?

Today's exercises will help you
to inderstand the basic mechanisms behind ou generation, propagation and

detection
.

We will startfrom first principles : how moving masses disturb spacetime
,
and buld up la realistic astrophysical

sources like binary inspirals .

Historical context

· 1916 : Einstein's prediction

↳ Einstein's GR predicts that accelerating masses should generate GW . However
, himself dobted theywould

ever be detected because of their incredibly weak effect on mother.

· 1960-1980's : indirect evidence

↳The first evidence of Gu came in 1974 when Hulse and Taylor Observed a binary pulsar losing energy

exactly as predicted by GR

Their discovery confirmed the existence of Gu- 193 Nobel

· 2015 : first direct detection GW150914

↳ Ligo detectors observed GW from the merger of & BMs (3640-ESMo)

· Today

La Ligo
, Vigo + List

Overview of today's session

· Quadrupolar radiation

↳ why do Gr emerge from mass-energy motion ?

Fundamental eq governing ou generation
Hew stress-energy conservation lads he quadrupolar emission

· Quasi-circular inspiral

↳ Understanding dinary arbits and their evolution

Deriving the GW frequency and waveform

Relating theory to real astrophysics detection (eg 6150914)



· Applications to real observations

↳ How we connect mathematical prediction te real data

Calculating properties of detected Gu

Insights from adual Go events and how they confirm or models.

Same key concepts

Metric perturbations and the TT-gauge

In GR
, spacetime is described by a metric Gar · We consider small perturbation around flat spacetime

Sau
= Bar + har

We will choose the TT-garge to simplify calculations
,

which we can choose only outside the source .
We have only

to physical dof for Gus .

Quadrupola formula

The leading order Gu emissian is quadrupolar (not monopolar or dipolar ,
du la mass-energy conservation)

The strain observed at a distance r is given by

=Aide e
↳ mass quadruple moment of the source

Binary inspirals and Chirp mass

A binary inspiral loses energy through GW emission
, causing thearbit he shrink. The hey parameter controlling this

evolution is the chirp mass

Mc = (m-
mg)35

(mi +mg)7/5

The GW frequency increases over time (="chirp") following

for (95)"(G)
- 518

whereI = time until coulescence.



IQUADRUPOLAR GRAVITATIONAL RADIATION

Problem 1 .
1 (Conservation laws for stress-energy moments

a) In linearized gravity ,
the conservation of the stress-energy tensor is expressed asJmTM= 0.

We define the energy densing moments as

in ... in=. Too (t,) si ...

xie

and the linear moment moments as

pain-ie _ ( . To(t) si ...e

Show that in a volume V enclosing the source entirely, we have
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3) Use your resultste reexpress htt in terms of the moments of ToM up he subleading in 1/c

We have
A2 =

42
As,be(n)[g2 + 0(x)]↑

ch

and

&
She - phe

= gari
fine = ph + pe

=> =Fisce(re + on())
r - r/a

m

quadrupolar moment

↳Miroi gigg



Problem 1
.
2 (Angular distribution of quadrupolar radiation)

a) Consider that the radiation is alighed with an axis of the detector frame (4, y, 7) , say
n =

=.

Show that the two physical polarisations are given by

h
+

=1) -M ) ; hx = 2M

att - r/c .

Having in = E implies pij = 8
:0

- minc

p
=

j -)
We haveno compute

hij = 1. ide()
e

r
- r / c

We know that

-ijiae Abe = PiaPie-EPiPar) Abe
= (PAP);i - [Pijh(Pt)

and

↓ (PA) = Ann + Aeg

PAP = AnS (As As I
=> A

,j ,
keth = E(tm - Ag) An

O O

S·==22 lislesS O

O O

in
ilSi of (1. 46) lechre notes

S



3) For i not aligned with E
,

consider a new frame Su,
v

.mistuRe (a
,y)-plane

In that frame, the wave propagates along m
.

Write its expression

We have the following :

2
· in theda, y, z)-basis, we have

..... - -M

m
:

= ( sino sind, sinocosa,
casol (spherical card. )

·
o I * y · in the Gu ,

v
,
m3-basis

,
we have

:
mi = (0.

0
, 1)

D ~
We can relate those components by a rotation matrix R st

mi = Rij mi

where

R = cosa O

( -sind) ICosa

C Show that in the original frame,
we have

&
h

+
= 1 . [M(cost-sinpos20) + Mag (Sindo-coscos20) - Mo sinco

-Missin20
. (1 + cos20) + M sind singo + Mes cospsing0]

hx = [(M - Mg) singa casa + &(Macossocoso - Ma cospsino + Me sind sino)

Similarly as the-rector
,

a tensor M with & indices has components Mij in the 52, % , 73-frame and

Mij in the br, w
.
m) -frame st they're related by

Mij = Rie Ris Me

E Mij = (R-MR)ij

Then
, we insert R ho obtain Mij and replacing

&
h + = f. ( -M) =... locs p127 Magg.

for comments

hx = &M =...

↳ this allowshe compute the angular distribution of the quadrupola radiation
, given Mij



III . QUASi-CIRCULAR INSPIRAL

We now consider a system of to point masses me and my .

Their motion happens in the 14,y) - plane .
Their relative

word. To =. -, follows a circular motion

.........m
ro(r) = R

. cos(wst +TE) menons #

· -
y(H) = R

. sin (wst + =) -E
zo(t) = 0

.

-

·

with R the orbital radius.

Problem 2.
1

Show that the quadrupolar mass monment is given by

Mij = m
-
nix] +mexu

For a point-like particle moving on a given trajectory no(t)
,

in flot spacetime,
the energy-momentum lansor is

TM St
, 2) = PPgi

w/5 = (1- w /c)
- 12

and pr = (E/c, P) .
For a set of point - particles moving under their mutual influence on

trajectories un (t)
,

Ta (r
, m) = [PEPE g(3) (E-Ea(r))

A VamAI
=> Th = (

+

my c 8P)(n - nf(r)) .

&
In our case

,
we have

Too = mic8( -1) + mec8" - 2)

such that

Mis = (d'x(m-S" (n - 22) + mes (n -a)4

=m-xx + menx

:

= inox -> quadropole moment = to the one of a particle of

masson described by the ward.

in the Ch frame, with the reduced mass = mamg
- No

m
=

+ mz

If we opted for a non-vanishingzc
Mis =ma +m +mano + mon

mu

E contribute

=> doesn't contribute
no the production of see p138
grau radiation



Problem 2
.
2

p173 logg
a) compute the mass moments

.
Show that

&
h

+
= 4GR(1 + cas20) cas(2wsta + 20)

2x
=4 mR2 ws casosin (ewsta + 20)

Notice thatWar = 2Ws
.

We lave that

Mm = uR" coss(wst +)

2&
=uR 1 + cos(2wst + +(2)

= uR21-cos(Sust)
2

Mar = -uREsin(ewst)
2

Mer =ur1 + cos(2wst)
2

=

S
= 2 m Raws cos (Swst)

Mg = - Mgr -> TT-gauge tracles

Mez = 2 mR2 wi sin (Swst)

By replacing it in (12) ,
we get (17).

b) Compute the angular distribution of the radiated power

ap
= rece

dae quad. 32 G

Notice that there is no angle for which no power is received. Integrate this distribution to find the hotel radiated

power

Pquad .

= 32GmER"wS
525

We have

=32πG

Moreauer
,

i
+

= -4GR(1 + cos20) sin (2wst)w



such that =1/2 fr= Effet

&
= bGurus)( Wit~& (8

T

12 = 32627RwS Cost and Scos(4wst) = o ba periodic
rach

=> P Iguad 2 GR, go)

With gros = (et caso) + casono. CO St gid vanishes

To find the hotal radiated power, we integrate st

Jar .g(a) = (sinodada. g(a)
↓= casa ; du = -sino do

-Endu . g(a)

= 2) (1+ 6x2 + us)

=
16

5

= Pquad
.

= 32GmRw =
1 GR"win w Wor-w, e

10 25

As energy is radiated
,

theorbital energy Eas decreases = R must also decrease :

N= w
,

R

Fab
.

= Ea + Ep =mat - Gm-mz v = wSR
- R

↳ Kepler : w = G m

R3
=- Gmmz

& R

Puissance : P = -E . Cradiated power = lost energy *1.m . En e

Problem C
.
3

Show that as long as is was, the radial velocity is negligible comparedno the langential one.

We have

R= ((m)=Re

= RawR if wsw]



We introduce the chirp mass

Mc = 435m25 (m-m2(35
-

(m = my)v/5

At the lowest order
, frequency , polarisation -- only depend on Mc

.

Problem 2
.

4

Show (23) and (24)
.

Enjoy same nice computations "

we can also express the radiated power in terms of Mc :

P = 3& (GMWo
Problem 2.

5

Show that p183
fon =Cf

with C a constant depending on the parameters of the system .
Solve this eg . and discuss the regularity of for (t)

We have

Farb = -(62)

Indeed
,

w = Gm =w and Eas = -Gane
eR

Thus
, we have

- oto = 15gvwWP(GMWoo
) Wor= 93(GM)513
forw5 a

Solving this eg . diff ,
we find

for- :
%

(GM)
-518

(24)

withT = Koal-t and roal = time for which for diverges .

The divergence is wh off by the fact that
,

when their

separation becomes smaller than a critical distance
,
thestas merge. The divergence is due to the point - particle approx .

T = fusion time
. Equivalently,

we can write
M, of Ibodies of 1

,
4 %0 each

m

T = 2
.185(1,8 75/3(100Ma o

e
Mo = 1832

p-185 formore interpret .



Problem 2
.
6

a) Using eq.

27
,

discuss the evolution of theorbital radius wit time and the regime of validity of the quasicircular

approximation.

We already computed
R = - &R i

We have

Win= Infa = 2(69)
-

55ess)
:

=- (coal-r(v (- 1)

= Want
-

= R = () R(t) = Ro)t-

If we plot it
,

we have
R(r)

QUASI-CIRCULAR APPROX
.

->
domain of validity is reached&* wazos ...

neda

* r

p187 Magg
b) To compute the waveform associated to the quasi-circular inspiral, all appearances of Want have to be replaced with

Ecr =Jwan(dr
Compute ECH) and shetch the wareform associated to the inspiral.

We want he understand the signal received from Earth
.

We know that

E
h

+
=

. . - (wak

2x =
... (want)

but we need to take into account that wan is not constant. This is why we introduce

Er) =Jdt Wa s



-dr : (G) --de
= Es - 2 (56Ma)

- 51
=

518

w/(t = 0) = Eltal) .

Then
,

the Gu amplitude can be expressed directly inherms of the time to coolescence I measured by the observer

S
h

+
(t) vi

- 14 cos(E5(8)

hy(t) - =
-usin(t- )

&

Will
(f Fig . 1)

Problem 9
.

7

GW 150914 detected by Ligo involved 2 inspiralling bodies of masses 36
,

2 Mo and 29
,
140

a) Compute the gravitational wave frequency for 0
,

02s before the coalescence
.

What would R be ? What can

be said about the natue of this -body system ?

We know that

m
1

= 36
, 2 M0 T = 0

,
02s

me = 29
,

1 Mo Mc = 28 Mo

=> fau(t) =... = 61
,
5Hz

Kepler allows us ho tell

R =(4Gm) (G)v = 40

-> both bodies are small
, they can be either BHs or

* to massive (of Chandra
. Limit)



6) Compute the energy carried
away by the Gw emission as the ou frequency increases from 10 to 30Hz.

We have

E = (dr .
P = - (dt . Guar

=
- Jdt . GA

2013

for:+
-318

; dan:
-1 de

G
-- Jof .Gm

m

Cif

=~ ...Mo several solar masen

d
a(GMc)

+

1


